Abstract. We study the distribution of S-integral points on SL 2 -orbit closures of binary forms and prove an asymptotic formula for the number of Sintegral points of bounded height on SL 2 -orbit closures of binary forms. This extends a result of Duke, Rudnick, and Sarnak. The main ingredients of the proof are the method of mixing developed by Eskin-McMullen and BenoistOh, Chambert-Loir-Tschinkel's study of asymptotic volume of height balls, and Hassett-Tschinkel's description of log resolutions of SL 2 -orbit closures of binary forms.
Introduction
In this paper we study the distribution of S-integral points of bounded height on SL 2 -orbits closures of binary forms. Let V be a two-dimensional vector space over Q with coordinates x and y. We consider the standard SL 2 action on V . Let W n = Sym n (V * ) be the space of binary forms of degree n, f = a 0 x n + a 1 x n−1 y + · · · + a n y n , where n ≥ 3. Here the left action of SL 2 on W n is given by
Consider the projective space P(W n ) ∼ = P n , and let [f ] ∈ P(W n )(Q) be a binary form of degree n with coefficients in Q and with distinct roots. We define X f to be the Zariski closure of the SL 2 -orbit of [f ], i.e,
This is a projective threefold defined over Q. The complement of the open orbit U f := SL 2 ·[f ] in X f forms a geometrically irreducible divisor, and set theoretically it is an intersection of X f with the discriminant divisor in P(W n ). (See [MU83, Lemma 1.5].) We denote this Weil divisor by D f . We fix the integral model P Z (W n ) of P(W n ) as P Z (W n ) := Proj(Z[a 0 , · · · , a n ]), and let X f and D f be closures of X f and D f in P Z (W n ) respectively. They form flat integral models of X f and D f respectively, and we define
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Let S be a finite set of places including the infinite place, and we denote the ring of S-integers by Z S . One can consider the counting function of the number of S-integral points with respect to a height function H : P(W n )(Q) → R >0 :
where the height function H is introduced in Section 1. In [DRS93] , Duke, Rudnick, and Sarnak studied the asymptotic formula of this counting function when S consists of the infinite place:
Theorem 0.1. [DRS93, Theorem 1.9] When S = {∞}, there exists a constant c ≥ 0 such that
Duke, Rudnick, and Sarnak studied the counting problem of integral points on affine symmetric spaces ( [DRS93, Theorem 1.2]) using techniques from automorphic forms. The above remarkable theorem is an example of an asymptotic formula for a non-symmetric space. Their method is based on equidistribution of lattice points in angular sectors on the hyperbolic plane and elementary approximation arguments using the polar decomposition of SL 2 (R). In this paper, we give a new proof of Theorem 0.1 and extend their result to any S: Theorem 0.2. Suppose that n ≥ 5 and f is general so that the stabilizer of [f ] is trivial. Then we have
Moreover when S consists of one place or two places, we obtain a precise asymptotic formula.
Our proof is based on the method of mixing developed in [EM93] , [BO12] . In [EM93] , Eskin and McMullen introduced axiomatic treatments of the counting problem and the method of mixing. Using mixing, they independently solved the question of distribution of integral points on affine symmetric spaces ( [EM93, Theorem 1.4]). Benoist and Oh generalized this method to S-adic Lie group settings in [BO12] , and solved the counting problem of S-integral points on affine symmetric spaces H\G ( [BO12, Theorem 1.1, Corollary 1.2, Theorem 1.4]). An important property used in their proofs is the wavefront property for symmetric spaces ( [BO12, Definition 3.1, Proposition 3.2]). It is the key to establish equidistribution of translates of H-orbits. We consider a special height function which is invariant under the action of a compact subgroup H satisfying the wavefront property, and reduce the counting problem on G to the counting problem on H\G where G is a S-adic Lie group associated to SL 2 . This proves that the function N (U f , T ) is approximated by the asymptotic volume of height balls.
The computation of asymptotic volume of height balls is a subject of [CLT10a] . Chambert-Loir and Tschinkel showed that the global geometric data, which is socalled the Clemens complex, controls the volume of height balls, and one can compute the asymptotic formula based on that. However, to use their machinery, we need to describe a log resolution of singularities for a pair (X f , D f ). This has been discussed in [HT03] . The variety X f admits a moduli interpretation as a subvariety of a moduli space of stable maps, and Hassett and Tschinkel used this moduli interpretation to construct a log resolution of a pair (X f , D f ). We will recall their results in Section 3. It is straight forward to generalize our method to arbitrary number fields, but we restrict ourselves over the field of rational numbers for notational reasons.
The study of the distribution of S-integral points has been developed recently in the context of height zeta functions [CLT12] , [CLT10b] , [TBT13] and an asymptotic formulae were found and proved for toric varieties, equivariant compactifications of vector groups, and wonderful compactifications of semi-simple groups. Benoist and Oh obtained effective distribution of S-integral points on symmetric spaces by using mixing [BO12] . Our variety X f is no longer a symmetric space, however we are still able to apply their results to prove the theorem.
Let us outline the contents of the paper. In Section 1, we define the height function H and discuss its basic properties. Then in Section 2 we explain the method of mixing and its application. In Section 3, we recall the construction of a log resolution of a pair (X f , D f ) in [HT03] and explain how moduli spaces of stable curves and stable maps can be used to obtain a log resolution of (X f , D f ). In Section 4, we recall results of [CLT10a] and apply them to obtain asymptotic formulae. In section 5, we discuss some generalizations of results in Section 2.
Heights functions
In this section, we introduce a height function associated to O(1) on P(W n ) to count S-integral points on U f . Let D ⊂ P(W n ) be the discriminant divisor and s D the corresponding section of O(D). The section s D is a homogeneous polynomial of degree 2n − 2 with Z-coefficients. Let S be a finite set of places including the infinite place and U = P(W n ) \ D. For each v ∈ S, we define the local height
when v is a non-archimedian place, and
when v is an archimedian place, where
According to definitions of [CLT10a] , H v is the local height function of s D associated to O(1). For v = p a prime, O(1) is endowed with the standard metric induced from the integral model
One important property of these local heights is that they are invariant under the action of a maximal compact subgroup:
Proof. First note that s D is SL 2 -invariant. For a nonarchimedian place v = p, the action of SL 2 lifts to the integral model P Z (W n ) and O(1), hence SL 2 (Z p ) isometrically acts on a metrized line bundle O(1). Our assertion follows from this. For the infinite place, see [DRS93, Section 4].
Define A S := v∈S Q v , and we call it the S-adic ring. Let U (A S ) = v∈S U (Q v ) be a S-adic manifold, and we define the global height H : U (A S ) → R >0 as the product of local heights :
where
. This is a continuous function on U (A S ). A key property of height functions is that the set of S-integral points of bounded height is finite, hence we can count the number of S-integral points of bounded height:
for any binary form f of degree n ≥ 3 with distinct roots. We are interested in studying the asymptotic behavior of N (U f , T ) as T → ∞.
The method of mixing
Let D be the integral model of the discriminant divisor in P Z (W n ) and U the complement of D. By a theorem of Borel, Harish-Chandra, there are only finitely many SL 2 (Z S )-orbits on U f (Z S ). (See [BHC62, Theorem 6.9] and [PR94, Theorem 5.8].) Also, the stabilizer of f is a finite group. Therefore, our problem concerning the asymptotic of N (U f , T ) can be reduced to evaluating the asymptotic of
To study this counting function, we will use the method of mixing developed in [EM93] and [BO12] for symmetric varieties. Specifically, [EM93] used mixing and the so-called wavefront property to study the distribution of integral points for sufficiently "nice" sets, and [BO12] developed this theory for S-integral points.
Let G = SL 2 (A S ) = v∈S SL 2 (Q v ) be a S-adic Lie group and Γ = SL 2 (Z S ) be diagonally embedded in G. Then Γ is a lattice in G, i.e., Γ is discrete in G and X := Γ\G has finite volume with respect to the invariant measure µ X on X. (See [Mar91, Theorem I.3.2.4].) For the group action of G, the mixing property is as follows:
Theorem 2.1. [BO12, Proposition 2.4] The action of G on X is mixing, i.e., for any α, β ∈ L 2 (X), we have
Proof. This follows from [BO12, Proposition 2.4, Theorem 2.5, and Lemma 9.4].
To count S-integral points, we consider the height balls:
We denote the volume of these height balls with respect to the Haar measure µ G on G by V (T ). Here we assume that µ G = µ X holds locally. The asymptotic of this volume function will be studied in Section 4. To apply results of [BO12] , these height balls need to be well-rounded: ( [BO12, Definition 6.1])
Proposition 2.2. [BO12, Proposition 8.11] For any ǫ > 0, there exists a neighborhood U of the identity e in G such that
Let χ B(T ) be the characteristic function of the height ball B(T ). Consider the counting function:
This defines a function on X = Γ\G. Our goal in this section is to prove the following theorem:
Then we have point-wise convergence
To prove this theorem, we consider a compact subgroup of G satisfying the wavefront property.
Definition 2.4. [BO12, Definition 3.1] Let G be a locally compact group, and H a closed subgroup of G. The group G has the wavefront property in H\G if there exists a Borel subset F such that G = HF and, for every neighborhood U of the identity in G, there exists a neighborhood V of the identity such that
Define a subgroup H of G by
where S fin = S \ {∞}. Note that Lemma 1.1 implies that our height function H is invariant under the action of the subgroup H, i.e.,
for g ∈ G and h ∈ H. Moreover, we have Lemma 2.5. The group G has the wavefront property in H\G.
Proof. The group SL 2 (R) has the wavefront property in
We consider any sequence of non-negative integrable functions ϕ n on G satisfying
• each ϕ n has a compact support,
The sequence {χ B(Tn) } is an example. We define a function F ϕn on X = Γ\G by
where x = Γg. Let I n := G ϕ n dµ G /µ X (X). The following proposition is essentially proved in [BO12, Proposition 5.3]. The only difference is that we are not counting S-integral points on H\G, but on G.
Proposition 2.6. F ϕn /I n converges weakly to 1 as n → ∞.
Proof. Let α ∈ C c (X). We want to prove that
Let µ H and µ H\G be the Haar measure and the invariant measure on H and H\G respectively such that
where Γ H = Γ ∩ H. Note that since H is compact, Γ H is a finite group and a lattice in H. Since the action of G on X is mixing and G has the wavefront property in H\G, the translates Γ H \Hg become equidistributed in X as g → ∞ in H\G ( [BO12, Theorem 4.1]). This means that
as g → ∞. Our assertion follows from this.
Finally we prove Theorem 2.3:
Proof. The following proof is given in [BO12, Proposition 6.2]. Fix ǫ > 0. Let U be a symmetric neighborhood of the identity e such that
The existence of such U is guaranteed by Proposition 2.2. We consider the functions ϕ
We let
On the other hand, we define
It is easy to verify that
for all g ∈ G and u ∈ U . Pick a non-negative continuous function α on X such that G α dµ G = 1 and the support of α is included in g 0 U . Then we have
Applying Proposition 2.6 to ϕ ± T we obtain that for
Thus F T (g 0 )/V * (T ) converges to 1.
Moduli interpretations
In [HT03] , using moduli interpretations, Hassett and Tschinkel constructed a partial desingularization of a pair (X f , D f ) to give a geometric explanation for the result of Duke, Rudnick and Sarnak (Theorem 0.1). This is not exactly what we need, however their geometry is quite important for establishing the asymptotic formula for V (T ), the volume of height balls. In this section, we recall the geometry of (X f , D f ) described in [HT03] , and then apply their geometry to study V (T ) in Section 4. In this section, we assume that the ground field is an algebraically closed field of characteristic zero.
Fix n ≥ 3. Let M 0,n be the Knudsen-Mumford moduli space of stable curves of genus zero with n marked points. Let M 0,n (P 1 , 1) denote the Kontsevich moduli space of stable maps of degree one from genus zero curves with n marked points to
For each subset S ⊂ N = {1, · · · , n} such that |S| ≥ 2, consider stable maps of degree one µ : C → P 1 such that
• C is the union of two P 1 s, • marked points in S are on the one component, and remaining marked points are on another component, • The component containing marked points in S is collapsed by µ. The Zariski closure of the locus of such stable maps becomes an irreducible divisor B S ⊂ M 0,n (P 1 , 1). For s = 2, · · · n, we define Theorem 3.1. The moduli spaces M 0,n and M 0,n (P 1 , 1) are smooth projective algebraic varieties, and the boundary divisor B is a divisor with strict normal crossings.
The evaluation map ev
is an SL 2 -equivariant birational morphism. The divisor B[2] is the proper transform of the big diagonal ∆ and other boundary divisors B[s] (s ≥ 3) are contracted by the evaluation map ev. The symmetric group S n acts on M 0,n (P 1 , 1) by permuting marked points. Note that the actions of SL 2 and S n commute. We consider S nquotients of ev to obtain an SL 2 -equivariant birational map: . Let f be a binary form of degree n with distinct roots. As we defined in introduction, X f is the Zariski closure of the SL 2 -orbit of f in P(W n ). LetX f ⊂X denote the strict transform of X f , and defineD f =X f ∩D. Here the intersection is the set theoretic intersection. A pair (X f ,D f ) is a partial desingularization of (X f , D f ) constructed by Hassett and Tschinkel, and in particular (X f ,D f ) is log canonical for a generic f ( [HT03, Proposition 2.8]). Write α = (α 1 , · · · , α n ) for distinct roots of f , and let C α ∈ M 0,n be the corresponding pointed rational curve
We consider the forgetting map
where C ′ is formed from C by collapsing the irreducible components that are destabilized. We define Y α to be ψ −1 (C α ). ThenX f is a finite quotient of Y α , and Y α is an equivariant compactification of PGL 2 . More precisely, consider the stabilizer of C α in the symmetric group S n : The proof of the above theorem gives us an explicit description of the Y α . When n = 3, then Y α = M 0,3 (P 1 , 1). The evaluation map ev :
is the blow-up of (P 1 ) 3 along the small diagonal ∆ small , and E := B[3] is the exceptional divisor. Since the normal bundle N ∆ small is isomorphic to O(2) ⊕ O(2), E is isomorphic to P 1 × P 1 . Let
be the projection to the cross-ratio of marked points and the node, and let
be the projection to the image of marked points. For arbitrary n, write E for the intersection of Y α and B[n]. This is the Zariski closure of the locus of stable maps (C, p 1 , · · · , p n , µ) such that
• C is the union of two P 1 s, • every marked point is on the collapsed component,
We define F i for i = 1, · · · , n as the intersection of Y α and B N \{i} . Then F i is the Zariski closure of the locus of stable maps (C, p 1 , · · · , p n , µ) such that
• C is the union of two P 1 s, • every marked point except i-th marked point is on the collapsed component, and i-th marked point is on the component which is isomorphically mapped to P 1 by µ,
Consider the sequence of the forgetting maps:
Each morphism is a SL 2 -equivariant birational morphism, and φ i :
, E is identified with B[3] and F 1 + F 2 + F 3 is identified with B[2]. Then each φ i can be considered as the blow-up of the proper transform of π
This blow-up description shows that E, F 1 , · · · , F n form a basis for Pic(Y α ) Q , and the canonical bundle is equal to
(See [HT03, Proposition 3.1].) Consider the morphism
and let L := β * O P(Wn) (1). We have Proposition 3.3. [HT03, Lemma 3.3] The pullback of the hyperplane class is of the form
Proof. Since L is the pullback from a S n -quotient of M 0,n (P 1 , 1), L must take the form
Note that the scheme-theoretic intersection Y α ∩ B N \{i} is reduced. Indeed, the divisor B N \{i} is isomorphic to M 0,n × M 0,2 (P 1 , 1), so the intersection Y α ∩ B N \{i} is isomorphic to M 0,2 (P 1 , 1) ∼ = P 1 × P 1 . Let R ⊂ E be the proper transform of the generic fiber of π 2 : E → P 1 . Then we have F i .R = 1, and (E + F 4 + · · · + F n ).R = −1.
The second identity follows from [Har77, Theorem 8.24(c)]. Hence we find E.R = 2 − n. On the other hand, R is contracted by β, so we have L.R = 0. Thus we conclude that L is of the form
Next, let C ⊂ E be the proper transform of the generic fiber of π 1 : E → P 1 . The β maps C isomorphically onto its image and the image has degree n. Thus we obtain L.C = n. It is easy to see that F i .C = 0. Moreover, since N ∆ small ∼ = O(2) ⊕ O(2), it follows from [Har77, Proposition 7.12 and Theorem 8.24(c)] that
Therefore, we find E.C = 2 and we conclude that c = 1 2 . Let Z be any smooth equivariant compactification of SL 2 . The degree 2 map SL 2 → PGL 2 extends to a SL 2 -equivariant rational map ϕ : Z Y α . After applying SL 2 -equivariant resolution, if necessary, we may assume that ϕ is an honest SL 2 -equivariant morphism and the boundary divisor of Z is a divisor with strict normal crossings.
Lemma 3.4. ϕ : Z → Y α is ramified along E and F i for each i.
Proof. We prove that E is ramified. Recall that the forgetting map Y α → Y α1,α2,α3 = M 0,3 (P 1 , 1) is a SL 2 -equivariant birational morphism and E is identified with B[3]. Moreover, the evaluation map ev : M 0.3 (P 1 , 1) → (P 1 ) 3 is the blow-up along the small diagonal ∆ small and E is the exceptional divisor of this blow up. Thus, we only need to consider Z → M 0,3 (P 1 , 1) and prove that the exceptional divisor B[3] is ramified. After changing a base point, if necessary, we may assume that the map SL 2 → (P 1 ) 3 is given by
The Therefore, we conclude that E is ramified. The divisors F i can be studied similarly.
Let Z →Z → Y α be the stein factorization of ϕ : Z → Y α . We denote a SL 2 -equivariant birational map Z →Z by h and a degree 2 finite morphismZ → Y α byφ. LetẼ andF i be inverse images of E and F i onZ respectively, and we identify them with proper transforms ofẼ andF i on Z respectively. Write {G j } for exceptional divisors of h. Define M to be a sum ofẼ,F i 's and G j 's so that M is the boundary divisor of Z. Consider a divisor 2 n ϕ * L + K Z + M , and write it as a linear combination of components of M :
Lemma 3.5. We have 
Now Proposition 3.3 implies that a = 0 and b
i > 0. Next we prove that c j > 0. If h(G j ) ⊂ ∪ iFi , then the support of ϕ * 2 n L + K Yα + E + i F i contains G j so c j > 0 follows. Suppose that h(G j ) ⊂ ∪ iFi . Let V = Y α \ ∪ iFi . It follows from [KM98,
Asymptotic volume of height balls
In this section, we recall the results of [CLT10a] and apply them to study the volume function V (T ) defined in Section 2. 4.1. Clemens complexes and height zeta functions. Let F be a local field of characteristic zero and we fix an algebraic closure F ⊂F . Consider a smooth projective variety X defined over F with a reduced effective divisor D over F . Let
be the irreducible decomposition of DF . We assume that DF = α∈Ā D α is a divisor with strict normal crossings. . In general, let P be a poset. The dimension of a face p ∈ P is defined as the supremum of the lengths n of chains p 0 ≺ · · · ≺ p n , where p i are distinct and p = p n . The dimension of P is the supremum of all dimensions of all faces.
Let A =Ā/Gal(F) be the quotient ofĀ by the Galois group Gal(F). This set can be identified with the set of irreducible components of D. For each α ∈ A, we denote the corresponding divisor by ∆ α . Let L = (L, · ) be a metrized line bundle with a global section f L whose support coincide with the support of D (see [CLT10a, Section 2.1.3] for a definition of metrized line bundles). Let ω be a non-vanishing top degree differential form on U = X \ D. We are interested in the following height zeta function:
where s is a complex number and |ω| is a measure associated to ω (see [CLT10a, Section 2.1.7] for a definition). The connection between height zeta functions and asymptotic volume of height balls is given by Tauberian theorems [CLT10a, Appendix A]. Hence the meromorphic continuation of Z(s) is the key to understand the asymptotic behavior of volume of height balls, and its properties are governed by Clemens complexes of D. More precisely write
Note that we are assuming that λ α > 0 for any α ∈ A. Define a(L, ω) = max 
4.2. Asymptotic volume. We retain the notations in Section 1 and Section 3. For our arithmetic applications, we need to construct moduli spaces M 0,n (P 1 , 1) and M 0,n over Spec(Q). This is done in [Bal08] :
The coarse moduli space M 0,n (P 1 , 1) is constructed over Spec(Z) via geometric invariant theory.
Let [f ] ∈ P(W n )(Q) be a binary form of degree n with Q-coefficients and distinct roots. Then X f is the Zariski closure of the SL 2 -orbit of [f ] and it is defined over Q. We consider the SL 2 -equivariant birational morphism
which is a S n -quotient of the evaluation map ev : M 0,n (P 1 , 1) → (P 1 ) n . We denote the quotient map M 0,n (P 1 ) →X by q. LetX f ⊂X be the strict transform of X f which is again defined over Q. Write F f for the splitting field of f and α = (α 1 , · · · , α n ) for roots of f . Then the pointed rational curve Proof. Let (C, α 1 , · · · , α n , µ) be a stable map such that
• C is the union of two P 1 s and both P 1 s are defined over Q, • marked points α 1 , · · · , α n are on the collapsed component, • a map µ is also defined over Q. Then (C, α, µ) is a stable map defined over the splitting field F f and it corresponds to a F f -rational point P on M 0,n (P 1 , 1). Consider a Galois action σ ∈ Gal(F f /Q). A point σP corresponds to (C, σα, µ), hence we have q(P ) = q(σP ). This means that q(P ) is Gal(F f /Q)-fixed, thus q(P ) is a Q-rational point. Now we can vary the intersection of C and the value of µ so that A[n](Q) is Zariski dense.
Let Z be a smooth SL 2 -equivariant compactification of SL 2 defined over Q. We have a SL 2 -equivariant rational map ϕ :
∈ X f and after applying SL 2 -equivariant resolution, if necessary, we may assume that ϕ is an honest morphism. We denote the morphism from Z → X f by ϕ too. Write ω for the top invariant differential form on SL 2 . Let S be a finite set of places includeing the infinite place. For each v ∈ S, we are interested in the following height zeta function:
where H v is the local height function defined in Section 1. We have Theorem 4.4. Assume that either • n ≥ 5 and f is general enough so that Y α ∼ =Xf ⊗ F f , or • all roots of f are Q-rational.
Then the height zeta function Z v (s) is holomorphic on a half plane ℜ(s) > 2 n and it admits a meromorphic continuation extended to a half plane ℜ(s) > 2 n − δ for some δ > 0. Moreover the order of the pole at s = 2 n is 1. Proof. Suppose that n ≥ 5 and f is general. Then our assertion follows from Lemma 3.4, Lemma 3.5, Lemma 4.3, and Theorem 4.1. Assume that all roots of f are Q-rational. Then the Y α is defined over Q and the divisor E = Y α ∩ B N contains Zariski dense Q-rational points. Thus our assertion follows from Lemma 3.4, Lemma 3.5 and Theorem 4.1.
For each v ∈ S, we define the local height ball
We denote the volume function of (1 − p We define
and consider the height ball
where H is the global height function defined by H = v∈S H v . Let µ G = v∈S |ω| v be a Haar measure. We denote the volume function of the height ball B(T ) with respect to a Haar measure µ G by V (T ). Then we have Corollary 4.7. Suppose that n ≥ 5 and f is general, or all roots of f are Qrational. Then we have
Proof. This follows from Corollary 4.5 and Corollary 4.6. See [BO12, Remark 8.7 and Remark 8.10].
One can obtain a precise asymptotic under some conditions on S.
Corollary 4.8. Suppose that n ≥ 5 and f is general, or all roots of f are Qrational. Further, assume that for any two distinct primes p, q ∈ S, log p/ log q is not a Liouville number. Then we have
for some c > 0.
Proof. This follows from [CLT10a, Theorem A.7].
Generalizations
The method to prove the main reulst in Section 2 generalizes to semisimple groups. Let F be a number field and G a simply connected, almost F -simple group. Let S be a finite set of places containing all archimedean places v such that G(F v ) is non-compact. We denote the ring of integers of F by o F and the ring of S-integers of F by o F,S . We fix an integral model of G so that G(o F ) makes sense. Denote the S-adic Lie group v∈S G(F v ) by G S . We embed G(o F,S ) into G S diagonally. Then G(o F,S ) is a lattice in G S . Let X be a smooth projective equivariant compactification of G defined over F and L = (L, · ) an adelically metrized big line bundle on X with a global section s whose support coincides with X \ G. We define local height functions H v : G(F v ) → R >0 and the global height
We suppose that for any archimedean place v ∈ S, the local height function H L,s,v is invariant under the action of a maximal compact subgroup K v . It is always possible to choose a metrization to satisfy this property. It is also a property of height functions that for any non-archimedean place v, the local height H L,s,v is invariant under the action of a compact open subgroup K v . We are interested in a counting function N (T ) of G(o F,S ) with respect to H L,s ,
When X is a biequivariant compactification of G, this counting function has been studied in [TBT13] and [BO12] . However, the case of one-sided equivariant compactifications remains to be open. Our technique in Section 2 can solve this case easily. An idea is simple as we have discussed. The action of G S on Y := G(o F,S )\G S is mixing ( [BO12, Proposition 2.4]). We define
Then G S has the wavefront property in H S \G S ( [EM93, Theorem 3.1]). Thus translates of H S -orbits are equidistributed in X ( [BO12, Theorem 4.1]). Let µ S be a haar measure on G S and µ Y an invariant measure on Y such that µ S = µ Y holds locally. We consider height balls
We denote the volume function of these height balls by V (T ). Now the discussion in Section 2 leads to the following theorem: Under some restrictions, equidistirubtion of S-integral points also holds:
Theorem 5.2. [BO12, Theorem 1.5] Let S = S 0 ⊔ S 1 be a partition of S. Let B n ⊂ G S1 be a well-rounded sequence with vol(B n ) → ∞ as n → ∞. Let Ω ⊂ G S0 be a compact subset such that • µ S0 (Ω) > 0, • µ S0 (∂Ω) = 0, and • H S0 · Ω = Ω.
Then we have
µ S0 (Ω)µ S1 (B n ).
